We extend the mathematical malaria epidemic model framework of Dembele et al.
1.
Introduction. Malaria is a mosquito borne disease that is caused by plasmodium parasites [7] . In December 2013, the World Health Organization reported that 207 million cases of malaria occurred in 2012 with 627,000 deaths in the same year worldwide. Most of these deaths occurred in Africa where a child dies every minute from malaria [5, 6, 13, 20, 21] .
The majority of malaria infections in the United States of America (USA) occur among USA residents (including both civilian and USA military personnel, regardless of legal citizenship) who have traveled to malaria endemic regions with ongoing malaria transmission. However, in USA the malaria disease is also occasionally acquired by USA residents who have not traveled out of the country, through exposure to infected blood products, congenital transmission, laboratory exposure, or local mosquito-borne transmission. Since 1970, USA military personnel, USA civilians, foreign residents and some other people whose immigration status have not been recorded [20, 21] have been importing malaria into the USA. From 1970 to 1972, USA military personnel imported the majority of malaria into USA. During this time interval, USA military personnel produced 7,525 cases of malaria against 516 for all the three other groups. However, this trend was significantly reversed from 1973 to 2011 (1,393 malaria cases for USA military personnel against 42,830 malaria cases for the other groups). A plausible explanation to this significant reduction of malaria incidence in the USA military group is probably due to good malaria control and prevention policies (e.g. protecting USA military personnel from malaria infection with antimalarial drugs) that were adopted by the USA military agency [20, 21] .
In a 2013 Centers for Disease Control and Prevention (CDC) report, malaria surveillance data shows that 1,925 cases of the malaria disease were diagnosed and treated in the USA in 2011. A significant 1,920 of these reported malaria cases in USA were acquired overseas in regions with malaria transmission [21] . This is the largest number reported since 1971. In Table 2 , we list the top 20 countries of malaria acquisition by USA travelers in 2011. From the 2011 CDC data that was reported in 2013, information on regions of malaria acquisition by USA residents were missing for 265 (14%) cases. Of the 1,655 imported cases for which the regions of acquisition were known, 1,144 (69%) were acquired in Africa, 363 (22%) were acquired in Asia, 140 (8%) in the Americas, 7 (0.4%) in Oceania and only 1 in the Middle East.
Mathematical epidemic models of malaria have been used to study the impact of various malaria control and prevention policies on the incidence of the disease in various malaria endemic regions [1, 2, 4, [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . For example, Dembele et al. used a deterministic system of ordinary differential equations malaria model to illustrate that protecting people and killing mosquitoes at the same time can lead to malaria eradication in Missira, a village in Mali [6] . Koella et al. used mathematical models to help design rational strategies for the control of drug resistance [8] . In another study, Dembele et al. used mathematical models to determine an optimal use of sulfadoxine-pyrimethamine as a temporary malaria vaccine [5] . Others have studied the effect of malaria control interventions on vector and parasite populations, acquired immunity, and burden of the disease in highly malaria endemic regions [13, 19] .
In this paper, we extend the mathematical malaria model framework of Dembele et al. [5, 6] and use it to "capture" the 2013 CDC reported data on the number of imported malaria cases in USA. Furthermore, we use the "fitted" malaria models for the top 20 countries with high malaria acquisition by USA residents to study the impact of the following four malaria control and prevention policies on the number of imported malaria cases into the USA.
• Policy 1: Protecting USA residents traveling to malaria transmission regions from malaria infection (for example by administering drugs for malaria prophylaxis). • Policy 2: Protecting residents of malaria endemic countries from mosquito bites (for example by offering mosquito bed nets). • Policy 3: Killing mosquitoes (for example by killing mosquitoes with insecticides) in the malaria endemic countries USA residents usually visit. • Policy 4: Protecting USA residents traveling to malaria transmission regions from malaria infection while killing mosquitoes in endemic countries.
The paper is organized as follows: In Section 2, we introduce a mathematical model that describes the dynamics of the malaria disease in high malaria transmission countries and the USA. Under our malaria control and prevention policies, in Section 3, we establish the existence of optimal control strategies that would lead to minimal numbers of imported malaria cases in USA. In Sections 4 and 5, we "fit" our deterministic mathematical malaria model to the CDC imported malaria data of 2011 from the top 20 malaria endemic countries [21] . In Section 6, we introduce four malaria control and prevention policies. We compute, in Sections 6 and 7, the optimal proportion of USA international travelers that must be protected against malaria infection, the optimal proportion of residents of malaria endemic regions that must be protected from mosquito bites and the optimal proportion of mosquitoes that must be killed under each of our four policies in order to significantly reduce the number of imported malaria cases in USA. We summarize our results in Section 8.
Malaria model: Overseas malaria infection and USA imported malaria.
In this section, we introduce an extension of the classical mathematical malaria model framework and use it to study the impact of protecting USA residents from importation of malaria infection when they travel to malaria endemic countries [21] . In addition, we use the model to study the effects of local malaria eradication efforts in these countries on the number of reported imported malaria cases in the USA. The model parameters and descriptions are listed in Table 1 . Next, we introduce our malaria model variables. In malaria endemic countries, susceptible humans, S h , are those individuals who are not infected with malaria but can get infected through bites from malaria infected mosquitoes. Infected individuals, I h , are those humans who received bites from infected mosquitoes and show symptoms of the malaria disease. Recovered individuals, R h , are those who received successful malaria treatment and show no more symptoms of the disease.
In malaria endemic countries, susceptible mosquitoes, S m , are mosquitoes that do not carry any malaria parasite in their salivary glands. Usually it takes about 10 days for mosquitoes to become infectious after biting an infected individual [5, 6] . Exposed mosquitoes, E m , are mosquitoes that carry some malaria parasites in their guts but are not yet able to infect humans with malaria. Infected mosquitoes, I m , are mosquitoes with multitude of malaria parasites in their salivary glands and are able to infect humans. In our model, we assume that the man-biting rate of mosquitoes in the malaria endemic countries is 1 bite per day.
In the USA, malaria susceptible human individuals, S u , are those USA residents who are not infected with malaria but can get infected with malaria through bites from malaria infected mosquitoes while they are on travel in malaria endemic regions. Malaria infected individuals, I u , are those humans who were bitten by malaria infected mosquitoes while they were on travel in malaria endemic regions outside of the USA. When the disease is detected in an individual in USA, he or she receives successful treatment. Therefore, after treatment in the USA the individual is no longer susceptible to malaria until he or she travels again to a malaria endemic country. Consequently, in our USA model we only consider the first episodes of imported malaria that occur in USA. Also, in the USA population, there is a non-susceptible group, N S u . People in this group are USA residents who do not travel to malaria endemic regions outside of the USA. Following Dembele et al., we use the following first set of system of differential equations to describe the dynamics of the malaria disease in human and mosquito populations of malaria endemic countries [5, 6] .
where the total human population is
and the total mosquito population is
Consequently, in malaria endemic countries, the total populations of human and mosquitoes are respectively governed by the following equations.
Next, we introduce the following model for the malaria disease in USA resident population that travels to malaria endemic regions.
(
where the total US population is
The parameters of Models (1) and (2) are defined in Table 1 . In Models (1) and (2), all the model parameters are non-negative and bounded. It is known that there is no population explosion in Model (1) [5, 6] . Consequently, there is no population explosion in Model (2) . Furthermore, solutions of Models (1) and (2) are non-negative whenever the initial population sizes are non-negative.
2.1.
Rescaled endemic countries and USA malaria models. Following Dembele et al., we make the following change of variables in Models (1) and (2) [5, 6] .
and i u = Iu Nu . As a result,
That is,
In the new variables, Models (1) and (2) respectively reduce to the following systems of equations.
and
where
In the rest of the paper, we use Models (3) and (4) to study the impact of protecting USA travelers to malaria endemic countries from malaria infection, protecting residents of malaria endemic countries from mosquito bites and killing of mosquitoes in malaria endemic countries on the number imported malaria cases in the USA.
We seek an optimal control c *
where the control set is
and where A, B, D and E are constant. Proceeding exactly as in [13] , the following result is immediate.
Theorem 3.1. In Models (3) and (4), there exists
. That is, there exists an optimal use of mosquito bed nets, insecticides, and antimalaria drugs that will minimize the number of imported malaria cases in the United States of America.
Proof. In Models (3) and (4), all the coefficients are bounded. Hence, the set of all controls and corresponding state variables is nonempty. The control set U is convex and closed. Since the system is linear in c h , c m and c u , the right hand side of the system is bounded by a linear function in the state and control variables. Moreover, the integrand of the objective function is convex in c h , c m and c u . Hence, we obtain the existence of c * h , c * m and c * u that minimizes J.
4. CDC data on 2011 malaria acquisition regions. The CDC malaria surveillance data, reported in 2013, shows that 1,925 cases of malaria were diagnosed and treated in USA in 2011. 1,920 of these reported malaria cases in USA were acquired overseas in regions with malaria transmission. This is the largest number reported since 1971. Most of the imported malaria cases were in USA residents who had been to sub-Saharan Africa. West Africa countries accounted for 721 (63%) of cases of malaria acquired in Africa by the USA residents. For example, the 2011 CDC data reported 213 and 156 malaria acquisitions from Nigeria and Ghana, respectively. In Table 2 , we list the top 20 countries from the 2011 CDC data with the largest numbers of malaria acquisition by USA residents who had been to these regions. For the first time, India, a non-African country, is the individual country from which the most cases were imported into USA (see Table 2 ). In Table 2 , we group all the other countries in the 2011 CDC data with less than 17 reported malaria acquisitions under the group name "other". There were 540 reported malaria acquisitions in this "other" group of countries.
5.
Model fit to CDC data on USA imported malaria. In this section, we "fit" our models, Models (3) and (4), to the 2011 CDC USA imported malaria data summarized in Table 2 . Following Dembele et al., we choose specific positive and bounded mosquito infection rates γ and γ u so that Models (3) and (4), fit the 2011 CDC data of Table 1 . In particular, for t ≥ 0, we assume that N m N h = 10t 5000 + t 2 + 10, Then, N m (0) = 10N h (0) and γ(t) = 10t 5000 + t 2 + 10 α hm b m .
Using the equation Nm
N h = 10t 5000+t 2 + 10, the equations of the total human and mosquito populations,
Following Dembele et al., we choose γ u (t) = ut 34, 000 + t 2 , 1 ≤ t ≤ 365 and u is a country dependent positive parameter to be determined from the 2011 CDC data (Table 3) .
Typically, it takes 12 days to develop symptoms of malaria after receiving bites from infected mosquitoes. We make the following assumptions for USA residents who contracted malaria overseas. When USA residents exhibit malaria symptoms while on travel overseas in malaria endemic regions, then typically they must have spent at least 12 days in the malaria transmission region. Those who exhibit malaria symptoms on arrival in USA, were typically bitten by infected mosquitoes at most 12 days before returning to USA. Since we are only interested in first imported malaria episode cases that occurred in USA, Models (3) and (4) respectively become Models (5) and Model (6); stated below.
where an estimate of each model parameter for each highly malaria acquisition country by USA residents, listed in Table 2 , is given in Table 3 . Table 3 . Estimates of Model Parameters Per Day. (5) and (6), with the parameter values in Tables 2 and 3 , we "fit" the model to the 2011 CDC data on the imported malaria cases in USA. In Table 4 , we list our model results for the imported malaria cases and the actual CDC data of Table 2 . Using a Pearson's Chi square test, we obtain a chi-square value of 0.00078. The chi-square value with α = 0.05 shows that there is no "significant" difference between the CDC malaria surveillance data of Table 2 and our mathematical model results of Table 4 [3] . To compute the optimal control c * = (c * h , c * m , c * u ) ∈ U , we first define the Hamiltonian, H, as
where for each i ∈ {1, 2, 3, 4, 5, 6}, λ i is the adjoint. Let (x 1 , x 2 , x 3 , x 4 , x 5 , x 6 ) = (s h , i h , e m , i m , s u , i u ). Using the equation ∂λi ∂t = − ∂H ∂xi , we obtain the following adjoint equations.
Now, we let t 1 = ∂H ∂c h , t 2 = ∂H ∂cm , and t 3 = ∂H ∂cu . Then
Using these, for each country we obtain the following corresponding functional values.
To compute the number of malaria acquisition by USA residents when they travel to endemic countries, we assume that 365,776 USA residents travel to the malaria countries. Let s u (0) denote the initial proportion of the USA population who traveled to malaria endemic areas. Then, the number of malaria acquisition by USA residents when they travel to malaria endemic country u is (su(0)−su(t f )) * 365,776 su(0) .
6.
Malaria control and prevention policies in acquisition regions and USA. To control and prevent the spread of malaria disease in the world, and in particular in USA, humans need to be protected from malaria infection while efforts are underway for the global reduction or eradication of the malaria infected mosquito population. Several integrated malaria prevention and control policies are being adopted to achieve these goals [1, 4] . Dembele et al., used a mathematical model to illustrate that in Mali, a malaria endemic country, complete malaria eradication can be achieved by adopting an integrated policy that consists of reducing the mosquito population and protecting Malians from mosquito bites. Dembele et al., also pointed out that using chemically treated mosquito bed nets alone to protect Malians from mosquito bites will not be sufficient for the effective control of malaria in Mali. In this paper, we study the effect of adopting each of the following three malaria control policies on the number of USA imported malaria cases by USA residents. Policy 1: Protecting USA residents traveling to malaria transmission regions from malaria infection (for example by administering drugs for malaria prophylaxis).
Policy 2: Protecting residents of malaria endemic countries from mosquito bites (for example by offering mosquito bed nets).
Policy 3: Killing mosquitoes (for example by spraying mosquitoes with insecticides) in the malaria endemic countries USA residents usually visit.
Policy 4: Protecting USA residents traveling to malaria transmission regions from malaria infection while killing mosquitoes in endemic countries.
In the next sections, we use Models (5) and (6) to study the impact of implementing each of our four malaria control policies on the 2011 CDC data of Tables 2.
6.1. Policy 1: Protecting USA international travelers from malaria infection. Under Policy 1, to reduce significantly the number of imported malaria infection cases in USA, we compute the optimal proportion of USA residents that we need to protect from malaria infection when they travel to malaria endemic countries. Thus, in Models (5) and (6), we set c h = c m = 0, where all the other parameters are fixed at their values in Tables 2 and 3 . Using our initial condition, we obtain an optimal value of c u , c * u = 90%, for each of the malaria endemic region of Table 5 .
Under Policy 1, protecting at least 90% of the USA residents who travel to malaria endemic areas leads to the smallest number of imported malaria cases in the USA (see Table 5 ). Furthermore, under Policy 1, we obtain that the larger the percentage of protected USA travelers to the malaria regions, the smaller the number of USA imported malaria cases from those regions (see Table 5 ). For example, under Policy 1, protecting 90% of USA residents traveling to India results in only about 22 USA imported malaria cases, while protecting 10% of traveling USA residents to India leads to about 200 USA imported cases (see Table 5 ). 6.2. Policy 2: Protecting malaria endemic region residents from mosquito bites. Under Policy 2, to reduce significantly the number of imported malaria infection cases in USA, we compute the optimal proportion of residents of malaria endemic countries that we need to protect from malaria bites. Thus, in Models (5) and (6), we set c u = c m = 0, where all the other parameters are fixed at their values in Tables 2 and 3 . In this case, we obtain an optimal value of c h , c * h = 90%. Under Policy 2, using bed nets to protect the residents of malaria endemic countries from mosquito bites does not seem to lead to a significant change in the number of imported malaria cases in the USA (not shown here). However, under Policy 2, we obtain that the larger the percentage of protected residents of malaria endemic countries, the smaller the number of USA imported malaria cases from those regions. For example, under Policy 2, protecting 90% of residents of India results in only about 222 USA imported malaria cases, while protecting 10% of residents of India leads to about 223 USA imported cases. 6.3. Policy 3: Killing mosquitoes in malaria endemic regions. Under Policy 3, to reduce significantly the number of imported malaria infection cases in USA, we compute the optimal proportion of mosquitoes in malaria endemic countries that we need to kill. Thus, in Models (5) and (6), we set c u = c h = 0, where all the other parameters are fixed at their values in Tables 2 and 3 . In Table 6 , we obtain an optimal value of c m , c * m = 90%. Under Policy 3, killing at least 90% of mosquitoes in the malaria endemic countries leads to the smallest number of imported malaria cases in the USA (see Table  6 ). Furthermore, under Policy 3, as in Policy 1, we obtain that the larger the percentage of mosquitoes killed in the countries of malaria acquisition, the smaller the number of USA imported malaria cases from those regions (see Table 6 ). For example, under Policy 3, killing 90% of mosquitoes in India results in only about 135 USA imported malaria cases, while killing 10% of mosquitoes in India leads to about 221 USA imported cases (see Table 6 ). Under the integrated Policy 4, to reduce significantly the number of imported malaria infection cases in USA, we simultaneously compute the optimal proportion of USA travelers to protect from malaria infection and the optimal proportion of mosquitoes to kill in these countries. Thus, in Models (5) and (6) with c u = 0, c h = 0, c m = 0, we keep all the other parameters fixed at their values in Tables 2  and 3 . In this case, for each malaria endemic country, we seek the optimal values c * u and c * m , that lead to the smallest number of imported cases from that country. We summarize our results in Table 7 . Table 7 , we obtained that an integrated policy of protecting at least 90% of USA travelers from malaria infection while killing 60% to 70% of mosquitoes in the countries of malaria acquisitions can lead to smaller numbers of imported malaria cases than either of the single Policies 1-3 alone. For example, protecting 90% of USA travelers to Gambia while killing 60% of the mosquitoes in that country leads no imported malaria cases from Gambia, a West African country (see Table 7 ).
Conclusion.
The literature is filled with deterministic systems that have been used to study various aspects of the malaria disease dynamics [5, 6, 14] . A CDC malaria surveillance data showed that, in 2011, about 1,920 cases of malaria that were acquired overseas in regions with malaria transmission were diagnosed and treated in the USA. In the first part of this paper, we used an extension of a deterministic system of ordinary differential equations malaria model to "capture" the 2011 CDC reported data on the number of imported malaria cases in USA. In the second part of the paper, we used our "fitted" malaria model to compare the effects of four malaria control and prevention policies on the 1,920 cases of imported malaria cases in USA. In particular, we obtain the following results.
• If at least 90% of USA residents are protected from malaria infection when they travel to malaria endemic countries, then the number of imported malaria cases in the USA would reduce to no more than 192 cases. This would then reduce the number of overseas acquired malaria in the USA by at least 1,728; about 90% less USA imported malaria cases. • If at least 90% of mosquitoes are killed in the malaria endemic countries that are usually visited by USA residents, then the number of imported malaria cases in USA would reduce to no more than 746 cases. This would then reduce the number of overseas acquired malaria in the USA by at least 1,174; about 61% less USA imported malaria cases. • If an "optimal" 90% of USA travelers are protected from malaria infection while 60% − 90% of mosquitoes are killed in each of the malaria transmission countries visited by USA residents, then the total number of imported malaria cases in USA would be less than 44. The "optimal" percentages depend on the specific countries (see Table 7 ).
Malaria disease caused by Plasmodium falciparum parasite is the most dangerous form of the disease; with the highest rates of complications and mortality [7] . In future work, it would be useful to study the relationship between Plasmodium falciparum malaria incidence in malaria transmission countries and the incidence of Plasmodium falciparum malaria in USA travelers when they visit malaria endemic regions.
